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Sillimanite and kyanite are two of the polymorphs of aluminum silicate Al2SiO5, a geophysically important
mineral system. Their crystal structures are characterized by chains of aluminum octahedra linked through
aluminum, silicon, and oxygen atoms. We report experimental studies of the phonon densities of states of
sillimanite and kyanite, and their interpretations based on shell model calculations. The inelastic neutron-
scattering experiments were carried out both on a triple-axis spectrometer at the steady state reactor Dhruva
~Trombay! as well as at a time-of-flight spectrometer at the ISIS spallation neutron source. The computed
phonon densities of states are in good agreement with the experimental data and have been used to derive
various macroscopic thermodynamic properties including the specific heat, equation of state, and atomic
displacement parameters of sillimanite and kyanite. These studies have enabled an atomic level understanding
of the phonon densities of states and resultant thermodynamic properties. @S0163-1829~99!02129-3#I. INTRODUCTION
One of the major goals of mineral physics is to develop
the capability of predicting the physical and thermodynamic
properties of minerals and their phase relations under various
pressure-temperature conditions prevalent in the Earth. The
key requirement for the prediction of the thermodynamic
properties is the knowledge of the phonon density of states
of these minerals. Earlier, by using a combination of inelastic
neutron-scattering measurements and lattice dynamical cal-
culations on forsterite Mg2SiO4, we could successfully pre-
dict the thermodynamical properties at high pressures and
temperatures, such as the equation of state and the specific
heat.1,2
The importance of the three Al2SiO5 aluminosilicates sil-
limanite, andalusite, and kyanite is well known in
mineralogy.3 The three polymorphs share a common feature
in the crystal structure,4 i.e., chains of AlO6 edge-shared oc-
tahedra parallel to the crystallographic b axis. Sillimanite
and andalusite have orthorhombic unit cells while kyanite
has a triclinic unit cell. The transformations amongst the
three Al2SiO5 polymorphs involve a change in primary co-
ordination of one of the aluminum atoms, which is in tetra-
hedral coordination in sillimanite, five-coordinated in an-
dalusite, and in octahedral coordination in kyanite. With the
objective of studying the vibrational and thermodynamic
properties of the Al2SiO5 polymorphs, we have undertaken
detailed lattice dynamical studies of sillimanite and kyanite,
involving extensive model calculations and experimental
studies of the phonon density of states using the neutron
inelastic scattering technique.
The crystal structures of sillimanite and kyanite have been
studied using x-ray and neutron diffraction techniques, both
at ambient as well as at high temperatures and pressures.4–8
More recently, structure studies specific to the sites occupied
by Al and Si have been carried out using electron energy loss
spectroscopy,9 x-ray photoelectron spectroscopy,10 and x-rayPRB 600163-1829/99/60~17!/12061~8!/$15.00absorption near-edge spectroscopy.11 The elastic constants
for sillimanite have been determined by ultrasonic
techniques.12 Infrared and Raman experimental data have
been reported for sillimanite and kyanite, at room tempera-
ture, both at ambient pressure13,14 and at high pressure.15
Specific heat measurements up to 1000 K using calorimetry
have been reported.16–18
Calculations of the equation of state and vibrational prop-
erties can be undertaken using quantum-mechanical and ato-
mistic approaches. Ab initio density-functional studies of
some silicate minerals including quartz SiO2 and MgSiO3
perovskite have been reported.19–23 Similar studies have not
been reported for the complex structures of the Al2SiO5
polymorphs sillimanite, andalusite, and kyanite. We have
carried out detailed lattice dynamical calculations of silli-
manite and kyanite using an atomistic approach involving
interatomic potentials consisting of Coulomb and short-range
terms. The calculations enabled microscopic interpretation of
the experimental data and prediction of macroscopic proper-
ties such as specific heat and equation of state.
II. CRYSTAL STRUCTURE AND LATTICE DYNAMICS
Sillimanite ~space group Pnma! has an orthorhombic unit
cell ~Fig. 1! and four formula units per unit cell. It has seven
atoms in the asymmetric unit with Al occupying two distinct
crystallographic sites 4~a! and 4~c!, which are in octahedral
and tetrahedral coordinations, respectively. The other atoms
are all located at 4~c!, except for one oxygen atom, which is
at the general position 8~d!. Edge-shared AlO6 octahedra run
parallel to the b axis and a pair of such chains is linked to
adjacent polyhedra through corner sharing. Kyanite ~space
group P1¯ ; Z54) has a triclinic unit cell ~Fig. 1!. The struc-
ture of kyanite is comprised of AlO6 octahedra linked to-
gether by the remaining Al, Si, and O atoms. Also, kyanite
has the smallest unit-cell volume of all the three polymorphs.
Models of the phonon density of states based on observed12 061 ©1999 The American Physical Society
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thermodynamic properties of sillimanite and andalusite.13
Lattice dynamical calculations of the high-symmetry
phonons24,25 and mean-square atomic displacements25 of the
three aluminosilicate minerals have also been reported. We
have undertaken lattice dynamical calculations26 using inter-
atomic potentials consisting of Coulomb and short-range in-
teractions and given by
V~r !5H e24peoJ H Z~k!Z~k8!r J 1a expH 2brR~k!1R~k8!J ,
~1!
where a51822 eV and b512.364 ~Refs. 1 and 27!. Z(k)
and R(k) are the effective charge and radius parameters as-
sociated with atom k . The polarizability of the oxygen ions
was modeled using the shell model, where a massless shell is
linked to the core by harmonic interactions.
The covalent potential of the Si-O bond was simulated
using the form
V~r !52D expH 2n~r2r0!22r J . ~2!
FIG. 1. Crystal structures of sillimanite and kyanite, Al2SiO5.
The solid circles denote Al, Si, and O atoms in decreasing order of
size. In sillimanite, Al1 is in octahedral coordination, while Al2 is
in tetrahedral coordination.The calculations were undertaken using the computer pro-
gram DISPR ~Ref. 28! and the following optimized param-
eters: Z(Al)52.75, Z(Si)53.00, Z(O)521.70, R(Al)
51.675 Å, R(Si)51.40 Å, R(O)51.70 Å, oxygen shell
charge522.6e , shell-core force constant5110 eV/ Å2, D
51.2 eV, n57.0 Å21, and r051.627 Å. These parameters
give nearly vanishing forces on all the atoms as also positive
eigenvalues of the dynamical matrix. At a given pressure and
zero temperature, the free energy is minimized with respect
to the structural variables, namely, the lattice parameters and
the atomic positions. The equilibrium structure thus obtained
is used in the lattice dynamics calculations.
We have carried out detailed group theoretical analysis of
the phonon modes. For sillimanite, the phonon modes at the
zone center G point can be classified as
13Ag18B1g113B2g18B3g111Au
116B1u111B2u116B3u .
The Ag , B1g , B2g , and B3g modes are Raman active; the
B1u , B2u , and B3u modes are infrared active and the Au
modes are optically inactive. The group theoretical classifi-
cation along the three high-symmetry directions is as fol-
lows:
S: 29S1119S2129S3119S4 ,
D: 24D1124D2124D3124D4 ,
L: 29L1119L2119L3129L4 .
Using group theoretical information, the dynamical ma-
trix was diagonalized along three high-symmetry directions
and the normal modes were classified into different represen-
tations to give the phonon dispersion relation.
For kyanite, the phonon modes at the zone center G point
can be classified quite simply as
48Ag148Au .
The Ag modes are Raman active while the Au modes are
infrared active.
The phonon density of states is defined by the equation
g~v!5NE
BZ
(j d@v2v j~q!#dq, ~3!
where N is a normalization constant such that *g(v)dv
51; that is, g(v)dv is the ratio of the number of eigenstates
in the frequency interval (v ,v1dv) to the total number of
eigenstates. v j(q) is the phonon frequency of the j th normal
mode of phonon wave vector q. The phonon density of states
measured from inelastic neutron-scattering experiments is
weighted with the neutron-scattering lengths of its constitu-
ent atoms. To compare with the experimental data, we have
also computed the neutron weighted density of states given
by
g (n)~E !5(
k
H 4pbk2
mk
J gk~E !, ~4!
where bk , mk , and gk(E) are, respectively, the neutron-
scattering length, mass, and partial density of states of the
PRB 60 12 063LATTICE DYNAMICS AND INELASTIC NEUTRON . . .TABLE I. Lattice constants ~in Å!, atomic fractional coordinates, and isotropic displacement parameters
~in Å2) of sillimanite. Experimentally determined values ~at 298 K! are from Ref. 7.
a b c
Experimental 7.6750 5.7751 7.4857
Calculated 7.5828 5.9481 7.3498
Experimental Calculated
x y z Biso x y z Biso
Al1 0.0 0.0 0.0 0.37 0.0 0.0 0.0 0.26
Al2 0.3452 0.25 0.1417 0.44 0.3429 0.25 0.1278 0.30
Si 0.3404 0.75 0.1532 0.42 0.3317 0.75 0.1549 0.26
O1 0.4089 0.75 0.3602 0.52 0.4010 0.75 0.3581 0.41
O2 0.4339 0.25 0.3566 0.55 0.4367 0.25 0.3513 0.39
O3 0.0009 0.75 0.4767 0.91 0.0089 0.75 0.4705 0.71
O4 0.2232 0.5145 0.1255 0.63 0.2285 0.5225 0.1202 0.37atomic species k and E5\v . The factor (4pbk2/mk) for the
atoms Al, Si, and O is 0.0554, 0.0773, and 0.2645 barn/amu,
respectively.
The calculated density of states was used to evaluate the
specific heat at constant volume Cv(T). The experimentally
determined quantity is the specific heat at constant pressure
Cp(T). To compare with the experimental data, we have
calculated the anharmonic corrections to the specific heat
involving the difference Cp(T) – Cv(T), which essentially
depends on the bulk modulus and thermal expansion. The
procedures adopted for the computation of these thermody-
namic properties have been discussed earlier.1,2
III. INELASTIC NEUTRON-SCATTTERING
EXPERIMENTS
The natural samples of polycrystalline sillimanite and
kyanite ~weighing around 40 g each! used in our experiments
were purified using chemical and magnetic separation meth-
ods at the Ore Dressing Section of the Bhabha Atomic Re-
search Centre. Neutron diffraction was then used to ascertain
the purity of this powder to be around 98%.
The neutron-scattering experiments were carried out first
on a triple-axis spectrometer ~TAS! on the steady-state reac-
tor Dhruva ~Trombay!. At Trombay, the neutron inelastic
scattering measurements were carried out at 300 K on a TAS
with an overall energy resolution of 15%. Useful data were
obtained for phonon energies below 45 meV. Above 45 meV
the spectrum had significant contribution from second-order
neutron energy gain processes at the crystal analyzer.
Inelastic neutron-scattering measurements were subse-
quently carried out on the multiangle rotor instrument
~MARI! by the time-of-flight method. MARI is a direct ge-
ometry spectrometer for inelastic neutron scattering located
at beam S6 on ISIS. It has a background suppression chopper
and a Fermi chopper, which monochromatizes the beam. The
detectors cover the angles from 3° to 135° and thus large
regions of (Q ,v) space are covered concurrently in one
measurement. Also, this instrument has an energy resolution
of 1–2 % of the incident neutron energy at high energy trans-
fers.
The measurements at ISIS were carried out with the
sample at a temperature of 15 K. The sample was in the formof an annulus formed by aluminum foil; the thickness of the
sample in the path of the beam was 5 mm, giving a sample
transmission of approximately 90%. The energy of the inci-
dent neutrons was chosen to be around 180 meV. This en-
abled the measurement to cover a momentum-transfer range
of 2–17 Å21.
Data analysis was done using standard programs available
at ISIS. This analysis consisted of converting the as-
measured data to S(f ,E) after corrections for background
and sample container. It was converted to absolute scale by
comparison with vanadium data taking into account the effi-
ciency function of detectors. The neutron weighted phonon
densities of states were obtained by suitably averaging the
data over the scattering angles f .
IV. RESULTS AND DISCUSSION
A. Structure and elastic constants
The calculated structure parameters ~Tables I and II! are
quite close to those determined by diffraction experiments.7
The calculated lattice parameters differ by less than 2% on
average from the experimentally determined data at ambient
temperature and pressure; also, for kyanite, the cell angles
are calculated to within 0.4°. The computed elastic constants
for sillimanite ~Table III! also do not differ greatly from the
experimentally observed values; on average, they deviate by
about 10%.
B. Phonon density of states
The experimental neutron weighted phonon densities of
states of sillimanite and kyanite are shown in Fig. 2. The data
are in good agreement with the TAS data ~10–45 meV! ob-
tained at the Dhruva reactor by Rao et al.29 In order to ex-
tract the one-phonon density of states from the experimental
data, the multiphonon contribution needs to be estimated. A
monatomic approximation is often employed for this pur-
pose. However, since the contributions arising from the dif-
ferent species of atoms are expected to be very different, the
lattice dynamical model was used to compute the mul-
tiphonon contribution in the incoherent approximation using
Sjolander’s formalism.1,30 Taking into account the calculated
multiphonon contribution to the density of states at 15 K, the
12 064 PRB 60MALA N. RAO et al.TABLE II. Lattice constants ~in Å!, atomic fractional coordinates, and isotropic displacement parameters
~in Å2) of kyanite. Experimentally determined values ~at 298 K! are from Ref. 7.
a b c a b g
Experimental 7.1200 7.8479 5.5738 89.974 101.117 106.00
Calculated 7.0967 7.9654 5.7359 90.60 101.63 106.06
Experimental Calculated
x y z Biso x y z Biso
Al1 0.3253 0.7041 0.4581 0.267 0.3472 0.7055 0.4613 0.353
Al2 0.2974 0.6988 0.9504 0.258 0.2988 0.6988 0.9488 0.266
Al3 0.0998 0.3862 0.6404 0.259 0.1039 0.3772 0.6302 0.289
Al4 0.1121 0.9175 0.1647 0.273 0.1224 0.9291 0.1755 0.274
Si1 0.2963 0.0649 0.7066 0.215 0.2925 0.0589 0.7158 0.213
Si2 0.2910 0.3317 0.1894 0.216 0.2840 0.3351 0.1745 0.213
O1 0.1093 0.1469 0.1287 0.384 0.1241 0.1506 0.1182 0.361
O2 0.1229 0.6854 0.1811 0.302 0.1392 0.7019 0.1962 0.313
O3 0.2751 0.4544 0.9547 0.349 0.2628 0.4549 0.9616 0.342
O4 0.2835 0.9357 0.9357 0.334 0.2733 0.9297 0.9199 0.337
O5 0.1084 0.1521 0.6667 0.342 0.1194 0.1521 0.6821 0.342
O6 0.1219 0.6307 0.6394 0.297 0.1353 0.6242 0.6281 0.297
O7 0.2823 0.4451 0.4287 0.346 0.2731 0.4368 0.4054 0.361
O8 0.2916 0.9468 0.4657 0.346 0.2836 0.9515 0.4833 0.382
O9 0.5007 0.2752 0.2441 0.364 0.4927 0.2893 0.2407 0.337
O10 0.5015 0.2310 0.7560 0.350 0.4942 0.2152 0.7571 0.332experimental neutron weighted one-phonon density of states
gexp
(n) (E) was extracted ~Fig. 2, dashed line!. Using the ratio
between the calculated density of states gcal(E) and the cal-
culated neutron weighted density of states gcal
(n) (E) ~Fig. 2!
along with gexp
(n) (E), we determined the experimental one-
phonon density of states gexp(E) ~see Sec. IV E below!.
The experimental densities of states have been interpreted
on the basis of our lattice dynamical calculations. The calcu-
lated spectra have been broadened with a uniform instrumen-
tal resolution of 2 meV. The computed phonon densities of
states are in good agreement with the experimental data. The
partial density of states contains information concerning the
vibrational behavior of each atom and involves phonons in
the entire Brillouin zone. In sillimanite, the computed partial
density of states ~Fig. 3! reveals distinct contributions from
the crystallographically inequivalent Al atoms with Al1 ~in
octahedral coordination! vibrations spanning 0–80 meV,
while Al2 ~in tetrahedral coordination! vibrations span
0–100 meV. The Si atoms in tetrahedral coordination con-
tribute substantially in the spectral range above 100 meV.
TABLE III. Comparison of calculated and experimental ~Ref.
12! elastic constants Ci j ~GPa! for sillimanite.
Experimental Calculated
Present work Ref. 24
C11 232 284 277
C22 388 497 539
C33 287 275 285
C44 81 82 89
C55 89 73 85
C66 122 119 130The O atom vibrations are significantly more anisotropic
with large band gaps in their partial density of states. In
kyanite, the computed partial density of states ~Fig. 4! reveal
contributions from Al ~all of which are in octahedral coordi-
nation! in the range 0–100 meV, while the Si and O contrib-
ute in the entire spectral range from 0 to 140 meV. The
partial density of states was used to compute the mean-
square atomic displacements, which are in good qualitative
agreement with available experimental data ~Tables I and II!.
C. Thermodynamic properties
The computed specific heat is in excellent agreement with
experimental values16–18 ~within 1%! over a wide range of
temperature up to 1500 K ~Fig. 5!. The calculated anhar-
monic correction (Cp2Cv) to the specific heat is less than
1% at 1500 K for sillimanite, whereas it is quite significant
for kyanite ~about 2% around 1000 K!. The specific heat
curves for the two minerals are very similar; the differences
in low-temperature ~below 300 K! specific heat will be dis-
cussed later in some detail. The calculated equations of state
for sillimanite and kyanite are compared with the experimen-
tal data7 in Figs. 6 and 7, respectively. All three unit-cell
dimensions decrease with pressure. The compressibility is
anisotropic; in sillimanite, the b axis is the least compress-
ible, whereas b and c are nearly equally compressible in
kyanite.
D. Phonon dispersion relations
The theoretically calculated phonon dispersion curves for
sillimanite along the three high-symmetry directions in the
Brillouin zone S , D , and L are shown in Fig. 8. Since there
are 32 atoms in the unit cell, there are 96 phonon branches
PRB 60 12 065LATTICE DYNAMICS AND INELASTIC NEUTRON . . .along each direction. The optic-phonon branches show mod-
erate dispersion along the S and L directions and a larger
dispersion along the D direction. In all the three directions,
the branches are distributed almost uniformly up to 80 meV,
but there is a distinct energy gap around 100 meV. This
energy gap is more prominent in branches of the S2 ,S4 and
L2 ,L4 representations. The phonon dispersion relation has
been used to obtain one-phonon coherent neutron inelastic
scattering cross sections for a single crystal. The calculated
cross sections would greatly facilitate an experimental deter-
mination of the phonon dispersion relation using neutron in-
elastic scattering, subject to the availability of a good single
crystal.
FIG. 2. Neutron weighted phonon density of states of sillimanite
and kyanite. The experimental inelastic neutron-scattering data
~squares! at T515 K include one-phonon and multiphonon contri-
butions; the errors in the data are less than the symbol size. The
multiphonon contributions have been estimated and the experimen-
tal one-phonon neutron weighted density of states ~dashed lines! so
obtained can be directly compared with our calculations. The cal-
culated spectra have been broadened with an instrumental resolu-
tion of 2 meV.For kyanite, we have calculated the phonon dispersion
curves along the three directions @100#, @010#, and @001#;
they reveal that the branches have very small dispersion,
except for the acoustic branches. Further, the optic branches
are very close together almost forming a continuum in the
region 20–100 meV but showing a distinct gap around 100
meV, as is evident also from the density of states.
FIG. 3. Computed partial phonon density of states of the atoms
Al1, Al2, Si, O1, O2, O3, and O4 along the three directions x, y,
and z in sillimanite. The notation is consistent with Table I.
FIG. 4. Calculated partial phonon density of states of the various
atoms in kyanite. The notations of atoms are consistent with Table
II.
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properties of sillimanite and kyanite
It is of interest to study how the structural differences
between sillimanite and kyanite manifest in their vibrational
properties. These two polymorphs of Al2SiO5 have different
crystal structures: kyanite is triclinic, while sillimanite is
orthorhombic. Our transferable shell-model potential has
been able to reproduce the equilibrium structures ~with mini-
mum free energy! as well as the coordination of the Al at-
oms. The experimental one-phonon density of states for kya-
nite is compared with that of sillimanite in Fig. 9. In spite of
the overall similarities, we can see that compared to sillima-
nite, the energy range of the phonon density of states in
kyanite is reduced. Sillimanite has one extra peak at 145
FIG. 5. Specific heat of sillimanite and kyanite, as a function of
temperature. Symbols represent measured data from Refs. 17 and
18. The solid line is the model calculation. Insets show the low-
temperature specific heat on an expanded scale.
FIG. 6. Computed ~solid line! fractional change in lattice param-
eters and volume with pressure, in sillimanite. Experimental values
~symbols! are from Ref. 7.meV. Further, in the region around 60 meV, sillimanite has
lower density of states than kyanite. The contributions from
low-frequency phonons ~below 25 meV! significantly affect
the low-temperature specific heat. In this region, the experi-
mental density of states of kyanite is less than that of silli-
manite. All these features are fairly reproduced in our calcu-
lations ~Fig. 9!. The differences in the phonon density of
states of the two minerals manifest in their thermodynamic
properties.
Figure 10 shows the difference in specific heats
Cp~sillimanite!2Cp~kyanite! as a function of temperature.
Kyanite has lower specific heat up to temperatures of about
300 K. This trend is reproduced in the estimates from the
neutron data as well as the model calculations. However, the
absolute values of the difference in the specific heat are very
small ~about 4 J mol21 K21; see Fig. 5! and perhaps cannot
be accurately estimated using the present approach.
FIG. 7. Computed ~solid line! fractional change in lattice param-
eters and volume with pressure, in kyanite. Experimental values
~symbols! are from Ref. 7.
FIG. 8. Computed phonon dispersion curves for sillimanite
along the three high-symmetry directions. Group theoretical repre-
sentations are indicated on top of the figure. G is the Brillouin zone
center and X, Y, Z are the zone boundary points along the S , D , and
L directions, respectively.
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In this paper, we have reported inelastic neutron-
scattering measurements of the phonon densities of states of
polycrystalline samples of sillimanite and kyanite after hav-
ing characterized them using optical microscope and neutron
diffraction. The neutron measurements were carried out both
on a triple-axis spectrometer at a steady-state reactor as well
as on a time-of-flight spectrometer at a spallation neutron
source. The measured neutron weighted phonon density of
FIG. 9. Comparison of the one-phonon density of states of kya-
nite and sillimanite; experimental ~upper! and calculated ~lower!.states agrees very well with that calculated through lattice
dynamics using a shell model. The calculated phonon density
of states has been interpreted microscopically on the basis of
the partial density of states. The calculated crystal structure,
the equation of state, elastic constants, and specific heat are
in fair agreement with available experimental data. The
model enabled predictions of the phonon dispersion relations
and the equations of state of sillimanite and kyanite.
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